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ABSTRACT A general method of calculating forces, torques, and translational and rotational velocities of rigid,
neutrally buoyant spheres suspended in viscous liquids undergoing a uniform shear flow has been given by Arp and
Mason (1977). The method is based on the matrix formulation of hydrodynamic resistances in creeping flow by Brenner
and O'Neill (1972). We describe the solution of the Brenner-O'Neill force-torque vector equation in terms of the
particle and external flow field coordinates and derive expressions for the normal force acting along, and the shear force
acting perpendicular to, the axis of the doublet of spheres, the latter explicitly given for the first time. The equations
consist of a term comprising force and torque coefficients obtained from the matrices of the hydrodynamic resistances
(functions of the distance h between sphere surfaces which have been computed), and terms comprising the orientation
of the doublet axis relative to the coordinates of the external flow field and the shear stress (which can be experimentally
determined). We have applied the theory to a system of doublets of sphered, hardened human red cells of group A or B
antigenic type cross-linked by the corresponding antibody at a fixed interparticle distance. Working from studies of the
breakup of doublets of red cells in an accelerating Poiseuille flow, given in the succeeding paper, we are able to compute
the hydrodynamic force required to separate the two spheres. Previous work has shown that the theory can be applied to
doublets in a variable shear, Poiseuille flow, provided the ratio of particle to tube diameter is small. In calculating the
force-torque coefficients it was assumed that the cells are crosslinked by antibody with h = 20 nm.

INTRODUCTION

The characterization of cell-cell adhesion mechanisms is a
fundamental quest in biology. The adhesion of one cell to
another is a prerequisite for much of the social life of a cell,
both normal and abnormal: fertilization, morphogenesis,
proliferation, differentiation, metastasis, and thrombogen-
esis. Despite its long having been an active area of research,
the investigation of adhesion has been impeded by the
paucity of appropriate testable models and by methodolog-
ical and technical difficulties in the experimentation neces-
sary to evaluate such models. In particular there has been
the difficulty of generating absolute quantitative data.
This paper describes the development of methods in our
laboratory to measure the exact force involved in cell-cell
adhesion.

In recent years, considerable efforts have been made to
develop such experimental methods. Curtis and Hocking,
and later, Lerche, have indirectly derived forces of interac-
tion between cells from analysis of the aggregation kinetics
of sheared cell suspensions (Curtis, 1969; Curtis, 1970;
Curtis and Hocking, 1970; Lerche, 1983). This analytic
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method is incomplete, as it ignores intercellular repulsive
forces. Although several investigators have measured fluid
shear stresses as an indication of the average strength of
aggregation of a cell suspension, geometric and fluid
mechanical considerations have precluded precise quanti-
tation of applied force (Brooks et al., 1970; Schmid-
Schonbein et al., 1972; Bongrand et al., 1979). The work of
Chien et al. has partly overcome these uncertainties by
measuring the hydrodynamic force necessary to disaggre-
gate an individual sessile doublet of discoid erythrocytes
(Chien et al., 1977; Chien et al., 1983). They used the bulk
fluid shear stress as the disrupting force, which is an
approximation of forces acting on such a doublet. Their
experimental results were at some variance with their
computer simulations of adhesion energy as assessed by
membrane curvature. Evans et al. have developed tech-
niques of manipulation of individual cells whereby analysis
of their deformation when brought into contact provides a
measurement of surface affinity (Evans, 1980; Evans and
Buxbaum, 1981). With this technique they have measured
the surface affinities of red blood cells that have been
agglutinated by plasma and dextrans (Buxbaum et al.,
1982). Recently, by micromanipulation, they have mea-
sured the force required to disrupt two erythrocytes that
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have been apposed after exposure to wheat germ agglutinin
(Evans and Leung, 1984).
The experimental methods of our laboratory consist

essentially of the application to biological systems of a
theoretically and experimentally well documented corpus
from hydrodynamics and colloid chemistry. The behavior
of neutrally buoyant, rigid latex spheres of colloidal size
(106 m) interacting in shear flow has been extensively
described (van de Ven and Mason, 1976a, b, 1977; Taka-
mura et al., 1979), as has the behavior of doublets of such
spheres when crosslinked by polymer. The work presented
here attempts to apply this to a system of doublets of
sphered human red blood cells (rbc) of group A or B
antigenic type crosslinked by corresponding antibody. The
object of the experiments was to measure the hydrody-
namic force required to separate the spheres of a doublet.
As described in Part II of this paper (Tha et al., 1986),
doublets of red cells suspended in aqueous glycerol contain-
ing antiserum were tracked in a continuously accelerating
flow through a 178-,um tube until breakup. From the
experimentally determined shear stress and orientation of
the doublet axis at breakup it was possible to calculate the
force of separation. In Part I of this work we describe the
theory underlying this calculation.

GLOSSARY

Nomenclature
a, b*, c, d, e,f *, g, h*

A(r*), C(r*)

b
B(r*)

C

fb

F(j); F (j); F;

Fint (h)

F.p

Fshear
G; G; G(R)

h
k
K,

n
0

force and torque coefficients of a pair of
spheres defined in Eqs. 21 and 22
dimensionless functions of r* defined in Bat-
chelor and Green (1972) and in van de Ven
and Mason (1976a)
sphere radius
angular velocity coefficient, defined in Eq.
4
orbit constant of doublet defined in Eq. 6 of
the succeeding paper
diffusion coefficient for rotation about
transverse axis of doublet defined in Eq. 7 of
the succeeding paper
force required to break a single cross-bridge-
cell bond
force vector acting on sphere j = 1, 2; force
components on sphere j along Xi; force act-
ing on center of doublet axis along Xi
nonhydrodynamic forces of interaction be-
tween two spheres as function of h
normal or shear force required to separate
two cells
hydrodynamic shear force = (F2 + F2)1/2
velocity gradient tensor; shear rate; shear
rate as function of radial distance R from
tube axis
gap distance between sphere surfaces
Boltzmann constant
rotary resistance coefficient
projection of doublet length onto x2x3 plane
number of cross-bridges between cells
origin of particle-fixed coordinate system Xi
at center of doublet axis

Pe

r; r*

rO
re(r*)
R
Ro
S, Sjj

TK
U; Uj

u3 (R)

Uo; Ui; u(j); uj(j)

U(j); Ui(j)

v3(R)

Xi, Xi

Peclet number defined in Eq. 6 of the suc-
ceeding paper
center-to-center distance of a pair of
spheres; r/b
position vector of a point relative to 0
equivalent spheroidal axis ratio of a doublet
radial distance from tube axis
tube radius
rate-of-strain tensor; its components along
Xi
Absolute temperature
undisturbed velocity field vector of uniform
shear flow in space-fixed coordinate system;
its components along xi
component of undisturbed velocity field vec-
tor along xi in Poiseuille flow at radial dis-
tance R in tube
undisturbed velocity field vector of uniform
shear flow in particle-fixed coordinate sys-
tem; its components along Xi; undisturbed
velocity field vector at sphere center j; its
components along Xi
translational velocity of sphere j; its compo-
nents along xi
particle velocity along x3 at a radial distance
R in tube
respective space-fixed and particle-fixed
coordinate systems

Greek Symbols
a12 (h), a3 (h)

r(i); iri(); rD; rD

Oi, Oi,

p
PD

Cj; ij

a0(j); Qi(i)

(G)
(I)

(S)

(M)

(l)

coefficients of shear and normal forces as a
function of h defined in Eqs. 36 and 37
torque on sphere j about its center; its compo-
nents along Xi; torque on a rigid dumbbell
about 0; its component along Xi
viscosity of suspending medium
polar and azimuthal angles relative to the xi
axis
radius vector of a sphere
angular velocity coefficient of a rigid dumb-
bell defined in Eq. 28
fluid spin vector of the undisturbed uniform
fluid flow; its components along Xi
angular velocity of sphere j; its components
along Xi

Script Symbols
force-torque vector defined in Eq. 10
grand resistance matrix defined in Eq. 10;
given in Eq. 21
shear vector of the rate-of-strain tensor S
defined in Eq. 10; given in Eq. 17
relative velocity-spin vector of a particle sys-
tem defined in Eq. 10; given in Eq. 20
shear resistance matrix defined in Eq. 10;
given in Eq. 22

EQUATIONS OF MOTION

The fluid mechanical problem of predicting the trajectories
of two interacting, neutrally buoyant spherical particles of
equal size suspended in a Newtonian fluid undergoing
simple shear flow has been solved (Lin et al., 1970;
Batchelor and Green, 1972; Arp and Mason, 1977),
including the case when interaction forces, Fin,(h), other
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than hydrodynamic operate as sphere surfaces approaci
within a distance h < 100 nm (van de Ven and Mas
1 976a). Assuming that the interaction forces act along
line joining the centers of the spheres, it has been shc
that the relative velocity of the centers separated b:
distance r is given by (van de Ven and Mason, 1976a):

dr C(r*)F,n(h)
dt = A (r*)Gb sin20, sin 24, + 3ir*b

and the angular motion of the doublet axis by:

dtI = GB(r*) sin 20, sin 201,

d'I I
G[1 + B(r*) cos 20,].dt -2

Here, G is the shear rate, b the particle radius, ?7
suspending medium viscosity, 01 and X, the respective p(
and azimuthal angles relative to xl, the vorticity axis
shown in Fig. 1 a for a two-body collision in Poiseuille fli
A (r*) and C(r*) are known dimensionless functions

(R)
a) V3(R)

4 b)

h to
,on,
the
)wn
y a

(1)

(2)

r* = r/b, and B(r*) is the angular velocity coefficient
(Bretherton, 1962) related to the equivalent ellipsoidal axis
ratio of the doublet, re(r*) by:

B(r*) - (r*) - 1cr'(r*) + I
(4)

No complete analytic expression exists for re(r*); asymp-
totic expressions for large and small r*, and tabulated
values are found in Arp and Mason (1977).

Rearrangement of Eq. 1 yields the force equation:

3X7rb dr A(r*) 3vrGb2 sin2 01 sin 20, + Fi.t(h). (5)
C(r*) dt C(r*)

(3) The term on the left represents the hydrodynamic drag
(3) force resisting approach of the particles. The first term on

the right is the normal hydrodynamic force between the
the spheres acting along the line of their centers = F3,' and is
)lar maximal for 0, = ir/2, i.e., rotation limited to the x2x3-
as plane (Fig. 1 b), at X, = -7r/4, where the force is

low. compressive, and at cl = ir/4, where it is tensile (Fig. 1 b).
s of Eqs. 1-3 have been shown to apply in Poiseuille flow,

providing the ratio of particle to tube radius, b/Ro << 1
(Takamura et al., 1979, 1981a).

In the absence of interaction forces, Ff0t(h) = 0, the
trajectories of approach and recession of the spheres would

IofCi Y be symmetrical about X, = 0, as shown in Fig. 1 a. In the
case of doublets of charged latex spheres, Fi0,,(h) # 0,
owing to double layer electrostatic repulsion and van der
Waals attraction, and the trajectories are no longer sym-

90 metrical. Some collisions result in the formation of perma-
nent doublets, the spheres of which are in a secondary

-45'
potential energy minimum at distances h between 15 and
17 nm and are capable of independent rotation as shown by

'mSsic"

DC. measurements of the period of rotation, T, of the doublets
num about 2ir (Takamura et al., 1979). The period Tis obtained

-45° by integration of Eq. 3, giving the angular velocity of a
rigid prolate ellipsoid (Jeffery, 1922) of equivalent axis
ratio re(r*):

tan f, = re(r*) tan T ' (6)

where T is defined by:

T -[r=(r*) + r-1(r*)].G e

X3

FIGURE 1 (a) Two-body collision between rigid spheres in Poiseuille
flow showing the formation of a transient doublet in the median plane of
the tube of radius R. which is moved upward with a velocity v3 (R), equal
to that of the downward flowing doublet whose center is at a radial
distance R from the axis. Cartesian (xi) and spherical polar coordinates
(4w, O1) are constructed at the midpoint of the doublet axis. (After
Takamura et al., 1979). (b) Rotation over 'b orbit of a permanent
doublet of rigid spheres in Poiseuille flow with O1 = 900, showing the
X,-orientations corresponding to maximum normal and shear stress.

It has been shown that the dimensionless period of
rotation, TG, for doublets of nontouching spheres depends
not only on the distance of separation of the sphere
surfaces, but also on whether they are capable of rotation
relative to each other (Arp and Mason, 1977); r,(r*) has a

different solution for each of these cases. TG at a given r*

'The subscript 3 refers to the particle coordinate X3, as shown in Fig. 2
and described below.
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is markedly greater for independently rotating than for
rigidly coupled spheres. The experimental determination of
TG is therefore a sensitive indicator of a doublet being
rigidly linked.

In the presence of cationic polyelectrolyte, permanent
doublets are formed which rotate as dumbbells of rigidly
linked spheres, presumably because polymer bridge forma-
tion has occurred (Takamura et al., 1979, 1981b). In the
case of permanent doublets of red cells, the spheres are
linked by antigen-antibody bridges; no assumptions need
be made as to the characteristics of the linkage as h/b << 1
(Adler et al., 1981) other than it rigidly link the spheres
such that no independent motion is possible.2 For such a
doublet in shear flow, dr/dt = 0, and if it can be induced to
break up, then:

Fint(h) =-F3 =-(*) 37rqGb2 sin2 AI sin 2,1. (8)
C(r*)

However, the bonds linking the red cell spheres are not only
subject to hydrodynamic forces acting along the doublet
axis, but also normal to it; i.e., shear forces.
The following derives the equations for calculating the

normal and the shear forces acting on a doublet whose axis
may lie in any plane.

FORCES ACTING BETWEEN SPHERES

Formulation of the Problem

We consider a doublet of equal-sized, rigid spheres of
radius b which rotates as a rigidly-linked dumbbell in a
linear shear field3 with origin 0 at the center of the doublet
axis, as shown in Fig. 2. The doublet axis has length r =
(2b + h), where h is the gap distance between sphere
surfaces. The space-fixed coordinates, xi, of the shear field
are: xl, the vorticity axis, x2, the direction of the velocity
gradient, and X3, the direction of the undisturbed flow.
Here,

U1=U2 =0; U3= GX2,

Xi
,X3

X2

U3=Gx2

7
</.'~

FIGURE 2 Particle (Xi) and external shear field (xi) coordinates used to
describe the rotation, with angular velocity Q, of a doublet of rigidly
linked spheres whose center, 0, is located at the origin of a field of
Couette flow, U3 = Gx2: X3 is the direction of the undisturbed flow, x2 is the
direction of shear, and x, is the direction of vorticity. The particle
coordinate X3 is directed from 0 to the center of sphere (1), X2 is coplanar
with the x1x3-plane, and XI is perpendicular to X2 and X3. As shown at
lower right, sphere centers are separated by a distance r, and sphere
surfaces by a distance h.

Brenner and O'Neill (1972):

F(1)

F (2)

(9F)= r(i
r(2)

-?{(SR)(cu) + (cI)(s)}I (10)

where (I) is the force-torque vector, (1?) the grand
resistance matrix, (4)) the shear resistance matrix; (S) =

(Sll, S22, S33, S23, S13, S12) is the shear vector of the
rate-of-strain tensor S, and (CU) is the relative velocity-spin
vector:

(9)

where ui are components of the undisturbed velocity field
vector u and G is the shear rate. The particle-fixed
coordinates Xi have origin 0 at the center of the doublet
axis, where X3 lies along the doublet axis, X2 is coplanar
with the x1x3-plane, and XI is perpendicular to X2 and X3.

Under creeping flow conditions, the force vector F(j)
and the torque vector r (j) acting respectively at and about
the sphere j = 1, 2 centers of the doublet can be expressed
in terms of Xi coordinates by the general formulation of

2The validity of this assumption is shown in Part II of this paper.

3Although this treatment strictly applies to a linear shear field, the
velocity gradient in Poiseuille flow may be considered to be constant over
the radial distance occupied by a doublet in our experiments, <8% of the
tube diameter.

U(1) u(l)

U(2) - u(2)
(C U)

l=(1) c

Q(2)

(1 1)

where U ( 1 ) is the translational velocity of sphere (1 ), u (1 )
is the undisturbed velocity field vector at sphere (1) center,
Q (1) the angular velocity of sphere (1), and w the fluid spin
vector of the undisturbed uniform fluid flow; and likewise
for sphere (2). Since the values of (I?) and (4)) are known,
the solution rests on deriving equations for (U) and (N).
Advantage may be taken of the symmetry properties of
equal-sized spheres rotating as a doublet in uniform shear
flow, as they experience equal but opposite forces and
equal torques. Likewise, the spheres move with equal but
opposite translational velocities and equal rotational veloci-
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ties (Arp and Mason, 1977); therefore consideration of
sphere (1) alone suffices to establish the dynamics of the
pair.

It now remains to determine (U) (Eq. 11). In tensor notation, the
undisturbed velocity field vector u and undisturbed fluid spin vector o
may be written as (Arp and Mason, 1977):

u = r-* G = Gr. * (i2i3), (18a)

Calculation of Vectors and Matrices
To calculate the components of F(1) and r(1), which are related to the
particle-fixed coordinate system, it is necessary to establish the transfor-
mation law between the unit vector system ii of the space-fixed coordi-
nates, and the unit vector system, e; of the particle-fixed coordinates (Arp
and Mason, 1977):

lil |cos 02 sin 02 cos 42 sin 02 sin 52 /e\

i2 = - sin 02 0 cos02 .e2 (12)
\3COS 02 cos 02 - sin 02 sin 02cos 2/ \e3

Here, 02 and 42 are the Euler angles for rotating e; into ii, and are also the
respective polar and azimuthal angles referred to x2 as the polar axis (Fig.
2). Hence:

X= XI COS 02 sin 02 + X2 cos (/2 + X3 sin 02 sin q/2
X2= -XI sin 02 + X3 COS 02

X3= X1 COS 02 COS 42 - X2 sin 02 + X3 sin 02 COS 02 (13)

The undisturbed flow having components ui in xi (Eq. 9) is a vector field
UO having components Ui in Xi:

Ul = U3 COS 02 cos 02 = G(-XI sin 02 COS 02 COS 02

+ X3 COS2 02 COS 12)

U2 = -U3 sin 02 = G(XI sin 02 sin 02 - X3 COS 02 sin (12)
U3 = U3 sin 02 cos 02 = G(-XI sin2 02 cos 02

+ X3 sin 02 cos 02 cos 02) (14)

The velocity gradient tensor G, where G = VU0, is here in terms of Xi:

-Gsin 02 cos 02 cos 12 0 G cos2 02 cos 02
G GC sin02 sin 02 0 -G cos02 sin 02 (15)

-GC sin202 COS 02 0 G sin02 COS02 COS )2

and the rate-of-strain tensor S = '/2(G + Gt) is:

(1 8b)

where r. is the position vector of a point relative to 0, the origin of the flow
field. From Eqs. 18 and 12 it follows that:

u = '/2Gr (COS2 02 cos /2 - cos 02sin 42 '/2sin 202 cos 02) (19a)

w = '/2G (cos 02 sin /2 cos (/2 sin 02 sin 402) (19b)

For a rigidly-linked dumbbell, the spheres of which are unable to
undergo relative rotation, the components of U() are: U, (j) = '/rQ2 (j),
U2(j) = - /2ril (j), and U3(j) = 0. Since it is known that Q3(j) = 112G sin
02 sin '12 (Jeffery, 1922), Q3(1)-3 = 0. Hence, (U) for sphere (1) is,
from Eq. 11:

1/292r - '/2Gr cos2 02 cos 02

-'/29,r + %/2Gr cos 02 sin 42

- '/2Gr sin 202 cos 02
91 - 1/2G cos 02 sin 4)2

92 - 1/2G cos 42

0

(20)

Finally, (1?) and (4X) for sphere (1) are (Brenner and O'Neill, 1972):

a

0

0

0

-c

0

0

a

0

c

0

0

0

0

b*

0

0

0

0

c

0

d

0

0

-C

0

0

0

d

0

0

0

0

0

e

e

(21)

and

- /2G sin 2O2 cos 02
S = '/2G sinO2sin'02

'/2Gcos202 Cos12

'2G sin 02 sin 42 '/2G cos 202 cos 02
0 - 2G cos02sin'02

- '/2G cos 02 sin 12 /2G sin 202 cos 02

(16)

Hence, the shear vector (S) is:

-'/2G sin 202 cos 4)2
0

(s) = 1/2G sin 202 cos (12
-/2G cosO2sin(/2

'1G cos 202 cos 4)2

'1G sin 02 sin 402

(17)

(t) =

0 0

0 0

0 0

0 0

0 0

0 0

0

0

f* + 2g
0

0

0

0

2g

0

2h*

0

0

2g

0

0

0

- 2h*

0

0

0

0

0

0
0

(22)

where a, b*, c, d, e,f *, g, h* are force and torque coefficients for sphere
(1) that are known and tabulated functions of h and of b.4

4Note that Eq. 21 differs from that given by Arp and Mason (1977) in
that the signs of the coefficients of c are reversed.
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Calculation of Shear and Normal Force
The shear force acting on each sphere of the doublet is
given by:

Fshcar = (F, + F 2)1/2. (23)

Evaluating the F, component of Eq. 10 with the aid of Eqs.
17 and 20-22 yields:

F, (1) = -f {7/2ar(%2 - Gcos2 02 COS 02)

- c(2 -1/2G cos O2) + gG cos 202 cos 021- (24)

In order to solve for Q2, advantage is taken of the absence of
torques about the center of the doublet axis (Arp and
Mason, 1977):

rD = rF,(1) + 2r2(1) = 0, (25)

where FD is the component along X2 of rD, the torque on a
rigid dumbbell about the origin 0; and F2 (1) is the
component along X2 of r(1), the torque on sphere (1)
about its center. The component r2(1) of Eq. 10 is:

F2(1) = - 1{/2cr(Q2-G cos202 COS 02)
+ d(Q2 - '/2G cos (12) - h*G(cos 202 cos 02)}. (26)

The solution of Eq. 26 for % is:

-2= %G(-VD cos 202 COS '2 + cos (2) = -VDS13 + (2, (27)

doublet axis is then:

(F2 + F2)1/2 = 2-7/2?7G{vD(-Y2ar + c) - '/2ar + 2g1
x {(cos 202 COS (22)2 + (COS 02 sin 2 2)}1/2. (34)

The normal force acting on sphere (1) is given by F3 (1),
which from Eqs. 10, 17, and 20-22 is:

F3 (1) =-1/277G(-/2b*r + f * + 2g) sin 202cos 02,
= --/2,qG(- /2b*r + f * + 2g) sin2 01 sin 20,.' (35)

When the doublet rotates exclusively in the x2x3-plane,
i.e., 01 = ir/2, 2 = 0 and 02 = '01 (Fig. 2), Eqs. 34 and 35
reduce to:

F, (1) = -/2nG{(PD (-'/2ar + c) -1/2ar + 2g) cos 20,}, (36)

F3 (1) = -1/2nG {(-1/2b*r + f * + 2g) sin 201 }, (37)

and as F2 (1 ) here = 0, F, (1 ) = Fshear.
Eqs. 34 and 35 can be written in the form:

(F2 + F2)1/2 = a_2(h)nGb2{(cos 202 COS (022)2
+ (COS 02 sin 02)2112 (38)

F3( 1) = a3(h)nGb2 sin2 0, sin 210,. (39)

where a12 and a3 are force coefficients, functions of h,
obtained by factoring out b2 from the matrix coefficients.

where VD = - B (r*) (Eq. 4) is the angular velocity
coefficient of the doublet, given by (Arp and Mason,
1977):

1a'+ cr + 2rg ± 4h*
(8VD= '12ar2- 2rc + 2d (28)

Substituting for Q2 in Eq. 24 finally yields:

F, (1) =- /2GIPvD (-'/2ar + c)

- 12ar + 2g} cos 202 cos 12. (29)

Similarly, for F2, using the equality

= -rF2(1) + 21?,(1) = 0, (30)

F2(1) - -?1/2ar(-Q1 + G cos 02 sin (12)
+ c(Q1 - 1/2Gcos 02sin1)2) + gG cos02 sin.2} (3 1a)

F, (1) - -fl{/2cr(-Q, + Gcos 02sin12)

+ d(Q, - '2G cos 02 sin 102) + h*Gcos02sin1021 (31b)

whence,

-= /2G(-VD + 1) COS 02 sin 02 =vDS23 + 'W (32)

and,

F2(1) = -'/21GIvD (%2ar - c) + '/2ar - 2g}cos 02sin.12. (33)

The magnitude of FshAr, i.e., forces perpendicular to the

FORCES ACTING BETWEEN RED CELLS

The treatment so far applies to all undeformable spheres
linked rigidly by any material. In our model of antibody-
mediated hemagglutination, we are dealing with sphered
red cells bonded by discrete molecular crossbridges of
specific antibody. It is therefore necessary to make an
estimate of h for doublets of red cells, the force coefficients
varying by s7% over the range 0 < h < 1 ,um. The
thickness of the red cell glycocalyx is uncertain; we have
taken it as 7.5 nm as an average from the literature (Levine
et al., 1983). The diameter of IgM is 30 nm (Feinstein and
Munn, 1969). Therefore, the maximum h permitting any
linkage between the membranes of the spheres -45 nm.
Calculations from modeling suggest that spacing between
lipid bilayers of erythrocytes (in the absence of polymer) of
.20 nm will be energetically favored (Parsegian and
Gingell, 1972; van Oss and Absolom, 1983; Bongrand and
Bell, 1984). The supposition that bonding occurs at separa-
tions between 20 and 45 nm is supported by measurements
of fibrinogen- and dextran-linked erythrocytes from elec-
tron micrographs. For planar membranes, these reveal
separations of 22-30 nm for the high molecular weight
fractions of dextran (Chien and Jan, 1973). For our
system, we have chosen a value of h = 20 nm, which leads

5Using the relations sin 02 COS0 2 = sin 01 sin 01, cos 02 = sin 0, cos X, and
cos 0, = sin 02 sin t2.
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to values of the force coefficients a12 = 7.02 and a3 =
19.33. Thus the equations for shear and normal forces are,
from Eqs. 23, 38, and 39:

FShc,a = 7.02lGb2{(cos 202 COS 22)2 + (COS 02 sin 02)2}'/2 (40)
F3 = 19.33qGb2 sin2 0, sin 2k1. (41)

The ratio of F3 to FSh,. is usually close to, or the same as
that of their coefficients, 2.75.
The spherical geometry imposes a maximum on the area

in which bonding can occur, and therefore on the number
of crossbridges possible. To determine the maximum area
of interaction we reason that if the maximum separation
permitting bonding -45 nm, and the closest approach is 20
nm, then all parts of the surface area of the two spheres
within 45 nm of each other can potentially interact in bond
formation. For h - 20 nm, this specifies any part of a single
sphere within 12.5 nm of a plane tangent to the point of
nearest approach, i.e., tangent to the point of intersection
of the doublet axis with the cell membrane. The surface
area of a sphere of radius b is given by: 2-rb fb dp, p being
the radius vector. Setting b = 3.21 ,tm and resetting the
lower limit to b - 12.5 nm = (3.21 - 0.0125) ,um,
integration shows the maximum area over which bonding
can be present, _0.25 uum2. Given A and B antigen
densities on the order of 106/cell (Economidou et al.,
1967), the maximum number of potential bonding sites in
this area is >2,000. Because of steric considerations, the
actual number of crossbridges forming would likely be
much lower, especially at low antibody concentrations. The
minimum area of contact is, potentially, of molecular
dimensions, i.e., one molecular crossbridge. The existence
of one molecular bond has been surmised to be sufficient to
initiate cell adhesion by lectins (Capo et al., 1982) which
are energetically comparable to antibodies.
The geometry also imposes the condition of simulta-

neous breakage of bonds. Whether the shear or normal
force is responsible for doublet separation is moot. The
normal force must break all bonds simultaneously to effect
separation; however, there being no moment about the
contact (rD = 0), this constraint also obtains for separation
by shear forces. As discussed by Bell (1978), inasmuch as
the antibodies are free to orient themselves relative to the
sphere surfaces, the shear force at the contact may be
turned into stresses on the individual bonds that are tensile.
With simultaneous bond breakage, the force of separation
for two cells will be a function of the number of cross-
bridges and the strength of each cross-bridge:

F,B = n * fb, (42)

where Fep represents either the normal or shear force, n the
number of crossbridges between cells, and fb the force
necessary to rupture an individual crossbridge-cell bond.
In principle, our model at low n allows the assessment of
fb.

CONCLUDING REMARKS

We have given equations for the hydrodynamic force
acting along and perpendicular to the axis of a doublet of
rigid spheres. The equations were derived from existing
fluid-mechanical theory applicable to doublets rotating in
a uniform shear field (Couette flow, Eq. 9) in the absence
of inertial effects and particle sedimentation. The spheres
were assumed to be rigidly linked, i.e., incapable of relative
translational or rotational motion so that the hydrody-
namic force required to break up the doublet is equal to the
force of interaction between the particles (Eq. 8). Provided
the particle to tube diameter ratio is small (<8% in our
experiments), the equations have been shown to apply in
Poiseuille flow (Takamura et al., 1979, 1981a). Inertial
effects are negligible since maximum linear fluid velocities
were <900 ,Am s-', corresponding to tube Reynolds num-
bers in the least viscous suspending fluid <5 x 10'.
The succeeding paper describes the application of the

theory to calculate the shear and normal hydrodynamic
forces necessary to disrupt the antibody-mediated adhesion
of two sphered, glutaraldehyde-fixed red blood cells from
experiments in which the doublets were subjected to a
uniformly accelerating Poiseuille flow until breakup. The
remaining assumption, that the red cells are rigidly linked,
will be tested by measurements of the dimensionless period
of rotation, TG, of the doublets as described in Part II of
this paper.

Received for publication 9 December 1985 and in final form 20 June
1986.
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